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Abstract
In this paper we study 1/k-geodesics, those closed geodesics that minimize on
any subinterval of length l(γ)/k. We employ energy methods to provide a rela-
tionship between the 1/k-geodesics and what we define as the balanced points
of the uniform energy. We show that classes of balanced points of the uni-
form energy persist under the Gromov-Hausdorff convergence of Riemannian
manifolds. Additionally, we relate half-geodesics (1/2-geodesics) to the Grove-
Shiohama critical points of the distance function. This relationship affords us
the ability to study the behavior of half-geodesics via the well developed field
of critical point theory. Along the way we provide a complete characterization
of the differentiability of the Riemannian distance function.
Keywords: Closed Geodesics, Critical Points of the Distance Function,
Gromov-Hausdorff Convergence, Energy Functional
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1. Introduction
A defining property of a geodesic is that it is a locally distance minimizing
curve. It is clear that a nontrivial closed geodesic can never be a globally distance
minimizing curve. Indeed, a closed geodesic can never minimize past half its
length: traversing the geodesic in the opposite direction will always provide a
shorter path. It is therefore natural to consider the largest interval on which a
given closed geodesic is distance minimizing. This led Sormani [18] to consider
the notion of a 1/k-geodesic.
Definition 1.1. A 1/k-geodesic is a closed geodesic γ : S1 →M which is min-
imizing on all subintervals of length l(γ)/k, i.e.
d(γ(t), γ(t+ 2π/k)) = l(γ)/k ∀t ∈ S1.
∗Email: adelstein@dartmouth.edu
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In order to study the existence of 1/k-geodesics on compact Riemannian
manifolds Sormani employed the uniform energy E : Mk → R, a function first
introduced in the study of Morse theory (Cf. [14]).
Definition 1.2. The uniform energy E : Mk → R is defined for an element
x¯ = (x1, . . . , xk) ∈Mk as
E(x¯) =
k∑
i=1
d(xi, xi+1)
2
1/k
where xk+1 = x1
Sormani focused on the openly 1/k-geodesics: those 1/k-geodesics that do
not contain cut points at distance l(γ)/k and therefore always minimize on
some open neighborhood of subintervals of length l(γ)/k. She established a
one-to-one correspondence between the openly 1/k-geodesics on a compact Rie-
mannian manifold and the smooth critical points of the uniform energy [18,
Theorem 10.2]. She then asked if her ideas could be extended to achieve a simi-
lar relationship between the full set of 1/k-geodesics on a compact Riemannian
manifold and some notion of non-smooth critical points of the uniform energy
[18, Remark 10.4]. We provide a positive answer to her problem by introducing
the balanced points of the uniform energy.
Definition 1.3. Let q̂p denote the collection of initial velocity vectors in TqM of
unit-speed minimizing geodesics joining q to p. Let x¯ = (x1, . . . , xk) ∈Mk. We
say x¯ is a balanced point of the uniform energy if d(xi−1, xi) = d(xi, xi+1) and if
there exists a vector ξ¯ = (ξ1, . . . ξk) ∈ Tx¯Mk with ξi ∈ x̂ixi+1 and −ξi ∈ x̂ixi−1
for every i = 1, . . . , k.
Theorem 1.4. The 1/k-geodesics in a compact Riemannian manifold have a
one-to-one correspondence with classes of balanced points of the uniform energy
in Mk of nonzero energy.
Note that closed geodesics may disappear under the Gromov-Hausdorff con-
vergence of Riemannian manifolds (see Example 5.2). In contrast, Sormani
demonstrated the persistence of 1/k-geodesics under Gromov-Hausdorff conver-
gence (Theorem 5.1). Classes of smooth critical points of the uniform energy
may disappear even under the smooth convergence of Riemannian manifolds
(see Example 5.3). We combine Sormani’s Theorem 5.1 with our Theorem 1.4
to show that classes of balanced points of the uniform energy persist under
Gromov-Hausdorff convergence.
Corollary 1.5. Let Mi be a sequence of compact Riemannian manifolds con-
verging to a compact Riemannian manifold M in the Gromov-Hausdorff sense.
Then any sequence of classes of balanced points of the uniform energies E : Mki →
R admits a subsequence which converges to a class of balanced points of the uni-
form energy E : Mk → R or to the trivial class.
We next turn our attention to the half-geodesics: those closed geodesics that
minimize on any subinterval of length l(γ)/2. We first note that every closed
2
manifold with non-trivial fundamental group admits a half-geodesic. Indeed,
the shortest non-contractible closed geodesic, or the systole of the manifold,
will always be a half-geodesic [18, Lemma 4.1]. Using Clairaut’s relation, Wing
Kai Ho [11] produced surfaces diffeomorphic to the 2-sphere that do not admit
half-geodesics. In [2], the author produced surfaces diffeomorphic to the 2-sphere
that admit exactly n half-geodesics for every n ≥ 0.
We provide a relationship between the half-geodesics (1/2-geodesics) and
the Grove-Shiohama critical points of the distance function (Definition 6.1 and
Proposition 6.3). This notion of a critical point for the distance function was
introduced by Grove and Shiohama [10] during their proof of the celebrated
diameter sphere theorem (Theorem 6.2). Further work on the Grove-Shiohama
notion of critical points was conducted by Grove-Petersen [9], Gromov [8], and
Abresch-Gromoll [1]. We employ techniques from this field to study the behavior
of the half-geodesics and establish the following result.
Theorem 1.6. Let M be a complete Riemannian manifold with sectional cur-
vature K ≥ H > 0. Assume M admits a half-geodesic γ : S1 → M with
l(γ) > pi√
H
. Then any closed geodesic which intersects γ must have length
at least l(γ). Any half-geodesic which intersects at γ(t) must also intersect at
γ(t+ π) and have length equal to l(γ).
The paper proceeds as follows. In Section 2 we give the proof of a folk the-
orem that completely characterizes the differentiability of the distance function
(Theorem 2.2). This result is applied in Section 3 to study the differentiabil-
ity of the uniform energy. We are able to strengthen the standard relationship
from Morse theory between the critical points of the uniform energy and the
derivatives of its component distance functions (Theorem 3.3). In Section 4 we
introduce the balanced points of the uniform energy and provide the proof of
Theorem 1.4. In Section 5 we examine the behavior of the uniform energy func-
tional under Gromov-Hausdorff convergence and prove Corollary 1.5. In Sec-
tion 6 we detail the relationship between half-geodesics and the Grove-Shiohama
critical points of the distance function. It is here that we prove Theorem 1.6
and show how it applies to the round sphere, to oblate ellipsoids, and to real
projective space (Examples 6.5, 6.6, 6.7).
2. Differentiability of the Distance Function
Let M be a complete Riemannian manifold. It is well known that the dis-
tance function dp : M → R is a continuous function on M and is of class C∞
(i.e. smooth) away from the cut locus of p and the point p itself (Cf. [17]). Less
well known, and apparently absent from the literature, is the fact that dp is
indeed differentiable at a certain subset of the cut locus of p. The main result
of this section is Theorem 2.2 which provides a complete characterization of the
differentiability of the distance function dp. In addition to filling a gap in the
literature, this result will allow us to explore the differentiability of the uniform
energy in the following section.
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Let M be a complete Riemannian manifold and p ∈M with γ : [0,∞)→M
a normalized geodesic, γ(0) = p. By continuity, the set of numbers t > 0 such
that t = d(p, γ(t)) is of the form [0, t0] or [0,∞). In the first case we say γ(t0) is
the cut point of p along γ, and in the second case we say such a cut point does
not exist. We define the cut locus of p, denoted C(p), to be the collection of all
such cut points. A basic fact about the cut locus is as follows.
Proposition 2.1 (Cf. [7]). Let γ(t0) be the cut point of p = γ(0) along γ. Then
a) either γ(t0) is the first conjugate point of p along γ,
b) or there exists a geodesic σ 6= γ from p to γ(t0) such that l(σ) = l(γ).
Conversely if (a) or (b) is satisfied, then there exists t˜ ∈ (0, t0] such that γ(t˜)
is the cut point of p along γ.
We partition the cut locus into two disjoint subsets. We say that a cut point
q of p is singular if there exists a unique minimizing geodesic γ joining q to p.
This can only occur if the cut points p and q are conjugate along γ. However
being conjugate does not guarantee the existence of a unique minimal geodesic.
We say that a cut point q of p is ordinary if there exist multiple minimizing
geodesics joining q to p. Bishop [3] showed that the set of ordinary cut points
is dense in the cut locus. We are now ready to give a complete characterization
of the differentiability of the distance function.
Theorem 2.2. Let dp : M → R denote the distance function from p. Then
a) if q 6∈ C(p) ∪ {p}, we have that dp is smooth at q and ∇dp(q) = σ˙(l) where
σ is the unique minimizing geodesic joining p to q and l = dp(q).
b) if q ∈ C(p) is an ordinary cut point of p, we have that dp is not differentiable
at q.
c) if q ∈ C(p) is a singular cut point of p, we have that dp is differentiable at
q and ∇dp(q) = σ˙(l) where σ is the unique minimizing geodesic joining p
to q and l = dp(q). However dp is not C
1 at its singular cut points.
Sakai [17] provides a detailed proof of parts (a) and (b) of Theorem 2.2.
Ivanov [13] makes a statement similar to part (c) in a MathOverflow response.
He does not provide a proof and it appears as though one does not exist in the
literature. We provide one here for completeness.
Definition 2.3. The one-sided directional derivative of the distance function
at the point q ∈M in the direction v ∈ TqM is defined to be
D+v dp(q) = lim
t→0+
dp(expq(t · v))− dp(q)
t
provided that this limit exists.
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Lemma 2.4 (Cf. [12, 16]). Let q̂p denote the collection of initial velocity vectors
in TqM of unit-speed minimizing geodesics joining q to p. Then for a vector
v ∈ TqM the one-sided derivative in the direction v exists and is given by
D+v dp(q) = min {−〈v, ξ〉 : ξ ∈ q̂p}.
In particular, if there exists a unique minimizing geodesic σ joining p to q then
the two-sided directional derivative exists and equals 〈v, σ˙(l)〉 where l = dp(q).
Proof of Theorem 2.2(c). Let q be a singular cut point of p. Let σ be the unique
minimizing geodesic joining p to q and l = dp(q). It suffices to show that for
every sequence hi ∈ TqM with |hi| → 0, there exists a subsequence ki such that
lim
i→∞
dp(expq(ki))− dp(q)− 〈σ˙(l), ki〉
|ki| = 0. (1)
Write hi = tiui for ui ∈ UqM the unit tangent sphere and ti → 0. By compact-
ness of the unit sphere we can choose a subsequence vi of the ui which converge
to some v ∈ UqM . Setting ki = tivi we will show that the limit in (1) holds.
From Lemma 2.4 we have that
lim
i→∞
dp(expq(tiv)) − dp(q)− 〈σ˙(l), tiv〉
ti
= 0.
Letting γi = expq(tiv) and ci = expq(tivi) and applying the triangle inequality
twice we have
dp(γi)− d(ci, γi) ≤ dp(ci) ≤ dp(γi) + d(ci, γi).
We note that limi→∞
〈σ˙(l),tivi〉
ti
= limi→∞
〈σ˙(l),tiv〉
ti
and limi→∞
|tiv−tivi|
ti
= 0 so
that the limit in (1) will hold if we show that
lim
i→∞
d(ci, γi)
ti
≤ lim
i→∞
|tiv − tivi|+O(t2i )
ti
= 0.
Let σ˜ti(s) : [0, 1]→ TqM be the constant speed path in TqM which traverses
the arc of the circle of radius ti between tiv and tivi and σti(s) : [0, 1]→M the
curve inM given by σti(s) = expq σ˜ti(s) so that σti(0) = γi and σti(1) = ci. We
choose i large enough that we can work in normal coordinates around q where
we know that gij(σti(s)) = δij +O(t
2
i ) so that |σ˙ti(s)|2 = | ˙˜σti(s)|2+O(t2i ). Now
computing the length of σti(s) we have
l(σti(s)) =
∫ 1
0
|σ˙ti(s)| ds =
∫ 1
0
√
| ˙˜σti(s)|2 +O(t2i ) ds =
∫ 1
0
| ˙˜σti(s)|+O(t2i ) ds
= l(σ˜ti(s)) +O(t
2
i ) = |tiv − tivi|+O(t2i )
Finally we note that d(ci, γi) ≤ l(σti(s)) = |tiv − tivi| + O(t2i ) so that indeed
the limit in (1) holds and we have shown that dp is differentiable at q with
∇dp(q) = σ˙(l).
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It is left to show that dp is not C
1 at singular cut points. Bishop [3] showed
that the ordinary cut locus is dense in the cut locus. Therefore, there exists
a sequence {qn} of ordinary cut points converging to the singular cut point q.
We know from part (b) of the theorem that ∇dp is not defined at qn and can
therefore conclude that dp is not C
1 at the singular cut locus.
3. Critical Points of the Uniform Energy
The uniform energy (Definition 1.2) is given as a sum of distance functions,
hence its differentiability will depend on the differentiability of its component
distance functions. A priori, it may be possible for E : Mk → R to be differ-
entiable at points x¯ ∈ Mk for which the individual terms d(xi, xi+1)2 are not
differentiable. In Lemma 3.2 we show that this phenomenon does not occur at
the critical points of the uniform energy (Definition 3.1). We apply this lemma
in Theorem 3.3 to strengthen the standard result from Morse theory relating
the critical points of the uniform energy and the derivatives of its component
distance functions (Cf. [14]). In particular, we are able to remove the stan-
dard assumption that the distance between each pair (xi, xi+1) is less than the
injectivity radius of M .
Definition 3.1. Let x¯ = (x1, . . . , xk) ∈Mk. We say x¯ is a critical point of the
uniform energy if E is differentiable at x¯ and its gradient is zero, i.e. ∇E(x¯) = ~0.
Lemma 3.2. If x¯ ∈ Mk is a critical point of the uniform energy then none of
the pairs (xi, xi+1) are ordinary cut points, i.e. all of the component distance
functions are differentiable.
Proof. We know that ∇E(x¯) = ~0 because x¯ is a critical point. Letting v¯i =
(0, . . . , vi, . . . , 0) ∈ Tx¯Mk we have that Dv¯iE(x¯) = 〈v¯i,∇E(x¯)〉 = 0 for every
v¯i ∈ Tx¯Mk. We show how to calculate Dv¯iE(x¯) using the one-sided directional
derivative of the distance function from Lemma 2.4. We have
Dv¯iE(x¯) = k D
+
vi
(d2xi−1 + d
2
xi+1
)xi
= 2k d(xi−1, xi)D+vi(dxi−1)xi + 2k d(xi, xi+1)D
+
vi
(dxi+1)xi
= c1 min {−〈vi, ξ〉 : ξ ∈ x̂ixi−1}+ c2 min {−〈vi, η〉 : η ∈ x̂ixi+1}
where c1 = 2k d(xi−1, xi) and c2 = 2k d(xi, xi+1) are both positive constants.
We will show that the sets x̂ixi−1 and x̂ixi+1 each consist of a single vector
so that by Theorem 2.2 we can conclude that each of the component distance
functions is differentiable. Assume by contradiction that one (or both) of the
sets contains multiple vectors; say there exist ξ1 and ξ2 ∈ x̂ixi−1 with ξ1 6= ξ2.
Then for any η ∈ x̂ixi+1 we must have that either ξ1 6= −η or ξ2 6= −η because
ξ1 6= ξ2. Without loss of generality assume that ξ1 6= −η. Then there must exist
vi ∈ TxiM such that −〈vi, ξ1〉 < 0 and −〈vi, η〉 < 0. This yields Dv¯iE(x¯) < 0
which is a contradiction when x¯ is a critical point. We therefore conclude that
none of the pairs (xi, xi+1) are ordinary cut points and that all of the component
distance functions are differentiable.
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Theorem 3.3. We have that x¯ is a critical point of the uniform energy if
and only if d(xi−1, xi) = d(xi, xi+1) and ∇dxi−1xi = −∇dxi+1xi for every i ∈
{1, . . . , k}.
Proof. Let x¯ be a critical point so that by Lemma 3.2 none of the pairs (xi, xi+1)
are ordinary cut points and ∇dxi±1xi is well defined for every i. Computing via
the chain rule we have
∇E(x¯) = 2k [dxkx1∇dxkx1 + dx2x1∇dx2x1, dx1x2∇dx1x2 + dx3x2∇dx3x2,
. . . , dxk−1xk∇dxk−1xk + dx1xk∇dx1xk] (2)
so that the critical point condition ∇E(x¯) = ~0 implies that dxi−1xi∇dxi−1xi =
−dxi+1xi∇dxi+1xi. We note that |∇dxi±1xi| = 1 and therefore conclude that
d(xi−1, xi) = d(xi, xi+1) and ∇dxi−1xi = −∇dxi+1xi for every i ∈ {1, . . . , k}.
In the opposite direction assume d(xi−1, xi) = d(xi, xi+1) and ∇dxi−1xi =
−∇dxi+1xi for every i. Then by (2) we have ∇E(x¯) = ~0 so that indeed x¯ is a
critical point of the uniform energy.
4. 1/k-Geodesics and Balanced Points of the Uniform Energy
This section introduces the balanced points of the uniform energy and ex-
tends the Sormani result [18, Thm 10.2] to provide a one-to-one correspon-
dence between the classes of balanced points of the uniform energy and all 1/k-
geodesics on a Riemannian manifold. We begin with an exposition of Sormani’s
ideas.
Definition 4.1 ([18], Definition 3.1). A 1/k-geodesic is a closed geodesic γ : S1 →
M which is minimizing on all subintervals of length l(γ)/k, i.e.
d(γ(t), γ(t+ 2π/k)) = l(γ)/k ∀t ∈ S1.
The 1/k-geodesics come in two disjoint flavors:
a) A strict 1/k-geodesic is a 1/k-geodesic that contains a pair of cut points at
distance l(γ)/k.
b) An openly 1/k-geodesic does not contain cut points at distance l(γ)/k, and
therefore will always minimize on some open neighborhood of subintervals
of length l(γ)/k.
Proposition 4.2 ([18], Theorem 3.1). Any closed geodesic is a 1/k-geodesic for
a sufficiently large number k.
Proof. This follows from compactness of the circle and the local minimizing
property of geodesics.
Definition 4.3 ([18], Theorem 10.1). Let x¯ ∈ Mk be a critical point of the
uniform energy as in Definition 3.1 (i.e. ∇E(x¯) = ~0). We say x¯ is a smooth
critical point of the uniform energy if none of the pairs (xi, xi+1) are (singular)
cut points, i.e. the component distance functions are all smooth functions.
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Lemma 4.4 ([18], Lemma 10.2). Let x¯ = (x1, . . . , xk) ∈ Mk be a smooth
critical point of the uniform energy. Then there exists a unique associated closed
geodesic γ : S1 →M with γ(2πi/k) = xi.
Definition 4.5 ([18], Definition 10.2). A smooth critical point is called rotating
if the unique associated geodesic γ : S1 → M is such that for every t ∈ S1
the point (γ(t), γ(t + 2π/k), . . . , γ(t + 2π(k − 1)/k)) ∈ Mk is also a smooth
critical point of the uniform energy. In this case we call the set {(γ(t), γ(t +
2π/k), . . . , γ(t+ 2π(k − 1)/k)) ∈Mk : t ∈ S1} a smooth class of critical points
of the uniform energy in Mk.
A smooth critical point need not be a rotating smooth critical point. Indeed,
for γ the unique closed geodesic associated to the smooth critical point, there
may be a t0 ∈ S1 such that (γ(t0), γ(t0 + 2π/k), . . . , γ(t0 + 2π(k − 1)/k)) is
not a smooth critical point. An example where this occurs is the over-under
geodesic on the doubled square [18, Ex 9.2]. Any four-tuple of evenly spaced
points on this geodesic is a smooth critical point, except for the four-tuple of
midpoints. Both the over and the under geodesics minimize between pairs of
adjacent midpoints, hence these pairs are cut points. This geodesic is therefore
a strict 1/4-geodesic.
Theorem 4.6 ([18], Theorem 10.2). Openly 1/k-geodesics in a compact Rie-
mannian manifold have a one-to-one correspondence with smooth classes of crit-
ical points of the uniform energy in Mk of nonzero energy.
Sormani then asks if her ideas can be extended to achieve a similar relation-
ship between the strict 1/k-geodesics and some notion of non-smooth critical
points of the uniform energy [18, Remark 10.4]. In order to extend her ideas it
will be necessary to consider those points x¯ ∈Mk which contain pairs (xi, xi+1)
of cut points. We note that Lemma 3.2 concludes that the critical points of
the uniform energy cannot contain pairs (xi, xi+1) of ordinary cut points. It is
therefore necessary to consider a more general notion than critical point of the
uniform energy. We introduce the balanced points of the uniform energy for
this purpose. The remainder of this section is used to establish Theorem 1.4
which gives a one-to-one correspondence between 1/k-geodesics and classes of
balanced points of the uniform energy.
Definition 4.7. Let q̂p denote the collection of initial velocity vectors (in TqM)
of unit-speed minimizing geodesics joining q to p. Let x¯ = (x1, . . . , xk) ∈Mk
a) we say x¯ is a balanced point of the uniform energy E : Mk → R if d(xi−1, xi) =
d(xi, xi+1) and if there exists a vector ξ¯ = (ξ1, . . . ξk) ∈ Tx¯Mk with
ξi ∈ x̂ixi+1 and −ξi ∈ x̂ixi−1 for every i ∈ {1, . . . , k}.
b) such a balanced point is called uniquely balanced if none of the pairs (xi, xi+1)
are ordinary cut points, i.e. every pair is joined by a unique minimizing
geodesic.
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c) such a balanced point is called smooth if none of the pairs (xi, xi+1) are cut
points and is called non-smooth if at least one of the pairs are cut points
(ordinary or singular).
Remark 4.8. It follows immediately from Theorem 3.3 that x¯ is a critical point
of the uniform energy if and only if it is a uniquely balanced point. Similarly,
x¯ is a smooth critical point of the uniform energy if and only if it is a smooth
balanced point.
Definition 4.9. We say a closed geodesic γ : S1 → M is associated to the
balanced point x¯ ∈Mk if there exists t ∈ S1 with x¯ = (γ(t), γ(t+2π/k), . . . , γ(t+
2π(k− 1)/k)) ∈Mk and γ˙(t+2π(i− 1)/k) ∈ x̂ixi+1 and −γ˙(t+2π(i− 1)/k) ∈
x̂ixi−1 for every i ∈ {1, . . . , k}.
We note that a balanced point need not have an associated closed geodesic.
An example of such a balanced point is given by the five-tuple of midpoints on
the doubled pentagon [18, Remark 10.4].
Definition 4.10. A balanced point is called rotating if there exists an associated
closed geodesic γ : S1 → M such that for every t ∈ S1 the point (γ(t), γ(t +
2π/k), . . . , γ(t+ 2π(k − 1)/k)) ∈ Mk is a balanced point with associated closed
geodesic γ. In this case we call the set {(γ(t), γ(t + 2π/k), . . . , γ(t + 2π(k −
1)/k)) ∈Mk : t ∈ S1} a class of balanced points of the uniform energy in Mk.
An example of a balanced point with associated closed geodesic which is not
rotating is given by the corners on the doubled square [18, Ex 10.1].
Definition 4.11. A non-smooth class of balanced points of the uniform energy
in Mk is a class of balanced points such that (γ(t0), γ(t0 + 2π/k), . . . , γ(t0 +
2π(k − 1)/k)) ∈Mk is a non-smooth balanced point for some t0 ∈ S1.
An individual non-smooth balanced point may be associated to multiple
closed geodesics, and thus multiple non-smooth classes of balanced points. An
example where this occurs is the four-tuple of midpoints on the doubled square
which is associated to the two closed over-under geodesics [18, Ex 9.2]. The
four-tuple [(0, 0), (.25, .5), (.5, 1), (.75, .5)] on the standard flat two-torus pro-
vides another illustrative example.
Lemma 4.12. For every 1/k-geodesic γ : S1 → M and every t ∈ S1 the point
x¯ = (γ(t), γ(t + 2π/k), . . . , γ(t + 2π(k − 1)/k)) ∈ Mk is a rotating balanced
point of the uniform energy. Therefore, to each 1/k-geodesic we can associate a
unique class of balanced points in Mk.
Proof. We have that d(xi−1, xi) = d(xi, xi+1) because the geodesic γ is parametrized
by arc length. Then letting ξi correspond to the velocity vector of γ at xi we see
that x¯ is indeed a balanced point of the uniform energy. The rotating condition
is satisfied because x¯ was generated by the closed 1/k-geodesic γ.
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Lemma 4.13. For every strict 1/k-geodesic there exists a t0 ∈ S1 such that
(γ(t0), γ(t0 + 2π/k), . . . , γ(t0 + 2π(k − 1)/k)) is a non-smooth balanced point of
the uniform energy. Therefore, to each strict 1/k-geodesic we can associate a
unique non-smooth class of balanced points in Mk.
Proof. By Lemma 4.12 we know that the k-tuple will be a rotating balanced
point. The fact that γ is a strict 1/k-geodesic means that it contains cut points
at distance l(γ)/k.
Lemma 4.14. To any non-smooth class of balanced points in Mk we can asso-
ciate a unique strict 1/k-geodesic.
Proof. By definition, any class of balanced points inMk comes with a unique as-
sociated 1/k-geodesic. The fact that the class of balanced points is non-smooth
ensures that there will be a t0 ∈ S1 such that (γ(t0), γ(t0 + 2π/k), . . . , γ(t0 +
2π(k − 1)/k)) ∈ Mk is a non-smooth balanced point and therefore that the
associated 1/k-geodesic will be strict.
Theorem 4.15. Strict 1/k-geodesics in a compact Riemannian manifold have
a one-to-one correspondence with non-smooth classes of balanced points of the
uniform energy in Mk of nonzero energy.
Proof. This fact follows directly from Lemma 4.13 and Lemma 4.14.
This theorem successfully extends the ideas of Sormani to the case where
the 1/k-geodesics are not open and the balanced points are non-smooth. We
can now combine Theorem 4.6 and Theorem 4.15 to obtain Theorem 1.4 which
gives a correspondence between classes of balanced points in Mk (smooth or
non-smooth) and 1/k-geodesics (open or strict).
5. Balanced Points Under Gromov-Hausdorff Convergence
In this section we study the behavior of the uniform energy functional un-
der Gromov-Hausdorff convergence. In [18, Example 9.3] Sormani showed that
classes of smooth critical points of the uniform energy can disappear even under
the smooth convergence of Riemannian manifolds (see Example 5.3). In con-
trast, we prove Corollary 1.5 which shows that classes of balanced points of the
uniform energy persist under Gromov-Hausdorff convergence. We begin with an
important result by Sormani concerning the persistence of 1/k-geodesics under
Gromov-Hausdorff convergence.
Theorem 5.1 ([18], Theorem 7.1). Let Mi → M be a sequence of compact
Riemannian manifolds converging in the Gromov-Hausdorff sense. Let γi : S
1 →
Mi be a sequence of 1/k-geodesics. Then a subsequence of the γi converge point-
wise to a continuous curve γ : S1 →M , and γ is either a 1/k-geodesic or trivial.
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Example 5.2 ([18], Example 7.2). This example illustrates that unlike 1/k-
geodesics, closed geodesics may disappear under Gromov-Hausdorff convergence.
Consider the sequence of ellipsoids Mi given by x
2 + y2 + (z/ci)
2 = 1. We see
that the equators γi = (cos t, sin t, 0) of these ellipsoids are all closed geodesics.
As ci → 0 the sequence Mi converges in the Gromov-Hausdorff sense to a dou-
bled disk. The equator on the doubled disk is not a locally length minimizing
curve, hence not a closed geodesic, and we have demonstrated a disappearing
sequence of closed geodesics under Gromov-Hausdorff convergence.
Let us view this example in light of Theorem 5.1. We note by Proposition 4.2
that each equator γi is a 1/k-geodesic for some integer k. However, as ci → 0
this integer k grows without bound. The sequence of equators γi is therefore
not a sequence of 1/k-geodesics for any fixed integer k, and the example does
not contradict the statement of Theorem 5.1.
Example 5.3 ([18], Example 9.3). This example illustrates that classes of
smooth critical points of the uniform energy can disappear even under the
smooth convergence of Riemannian manifolds. Consider again the ellipsoids
given by x2 + y2 + (z/c)2 = 1. We note that the distance between cut points
along the equators γc is a continuous function of the parameter c. There will
therefore be some c0 such that γc0 is a strict 1/3-geodesic. Then for all c > c0
we have that γc is an openly 1/3-geodesic and by Theorem 4.6 corresponds to
a class of smooth critical points of the uniform energy. Choosing a sequence
ci → c0 with ci > c0 and considering the associated sequence Mi of ellipsoids
converging to Mc0 we see that the classes of smooth critical points associated
to the equators disappear in the limit space Mc0 .
We note by Theorem 1.4 that each of the equator 1/3-geodesics (even that in
the limit Mc0) is associated to a class of balanced points of the uniform energy,
leading us to the statement of Corollary 1.5 that classes of balanced points
persist in the limit.
Proof of Corollary 1.5. LetMi be a sequence of compact Riemannian manifolds
converging to a compact Riemannian manifold M in the Gromov-Hausdorff
sense. Assume that each Mi admits a class of balanced points of the uniform
energy E : Mki → R. Then by Theorem 1.4 we know that each class corresponds
to a 1/k-geodesic γi : S
1 → Mi and by Theorem 5.1 there exists a subsequence
of the γi converging to γ : S
1 →M , where γ is either a 1/k-geodesic or trivial.
When γ is nontrivial Theorem 1.4 tells us that there exists a corresponding class
of balanced points of the uniform energy E : Mk → R.
We note that individual balanced points of the uniform energy need not
persist under Gromov-Hausdorff convergence. In [18, Example 2.2] we see that
each of the handled spheres Mj admits a balanced point of the uniform energy
E : M2j → R which disappears on the standard sphere in the limit.
6. Half-geodesics and Grove-Shiohama Critical Points of Distance
The half-geodesics are those closed geodesics which minimize on any subin-
terval of length l(γ)/2. It is clear that a half-geodesic will never be an openly
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half-geodesic and will always be a strict half-geodesic. In Section 4 we gen-
eralized a result of Sormani to provide a relationship between the strict 1/k-
geodesics and the non-smooth balanced points of the uniform energy. We will
now apply this result to study the half-geodesics via critical point methods. For
an element x¯ = (x1, x2) ∈M2 we calculate the uniform energy to be
E(x¯) =
2∑
i=1
d(xi, xi+1)
2
1/2
= 4 · d(x1, x2)2
We know that the distance function is not everywhere smooth, so we recall the
definition of a Grove-Shiohama critical point of the distance function and relate
this notion to the balanced points of the uniform energy E : M2 → R.
Definition 6.1. A Grove-Shiohama critical point of dp : M → R is a point
q ∈M such that for any v ∈ TqM there exists ξ ∈ q̂p such that ∡(v, ξ) ≤ π/2.
The original application of this critical point definition is the celebrated
Grove-Shiohama [10] diameter sphere theorem.
Theorem 6.2 (Grove-Shiohama). Let M be a complete Riemannian manifold
with sectional curvature K ≥ H > 0 and diameter > pi
2
√
H
. Then M is homeo-
morphic to the sphere.
Proposition 6.3. If (p, q) ∈ M2 is a balanced point of the uniform energy
E : M2 → R then we have that q is a Grove-Shiohama critical point of dp and
that p is a Grove-Shiohama critical point of dq.
Proof. The balancing condition ensures that there are vectors ξ1, ξ2 ∈ q̂p which
meet at angle π in TqM . Thus q is a Grove-Shiohama critical point of dp. The
proof that p is a Grove-Shiohama critical point of dq is equivalent.
The Grove-Shiohama definition proved fruitful and sparked a comprehensive
study of the critical points of the distance function. The survey by Cheeger [4]
addresses applications of the Grove-Shiohama notion of critical points. Proposi-
tion 6.3 allows us to apply this critical point theory to the study of half-geodesics.
We follow established methods from critical point theory in employing the the-
orem of Toponogov to prove Theorem 1.6.
Proof of Theorem 1.6. We note that diam(M) ≥ d(γ(t), γ(t + π)) > pi
2
√
H
so
that by the diameter sphere theorem M is homeomorphic to a sphere.
First assume by contradiction that σ : S1 → M is a closed geodesic with
l(σ) < l(γ) and σ(0) = p = γ(t). Then by Theorem 1.4 and Proposition 6.3 we
know that p is a Grove-Shiohama critical point of dq where q = γ(t+π). There-
fore there exists a minimum geodesic τ from p to q with α = ∡(σ˙(0), τ˙ (0)) ≤ π/2.
Let l(σ) = pi√
H1
< l(γ) = 2 l(τ) = pi√
H0
so that H0 < H1 and H0 < H . Set
H2 = min {H,H1}. Although σ is not a segment we know l(σ) ≤ pi√H2 so that
we can apply Toponogov’s theorem to the hinge {σ, τ}. This yields a comparison
triangle in the sphere SH2 with side lengths {B = pi2√H0 , C =
pi√
H1
, D} where
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B ≤ D ≤ pi√
H2
. We note that pi2 < B
√
H2 ≤ D
√
H2 ≤ π so that by Cosine Law
we have
0 > cosB
√
H2 ≥ cosD
√
H2
= cosB
√
H2 · cosC
√
H2 + sinB
√
H2 · sinC
√
H2 · cosα
≥ cosB
√
H2 · cosC
√
H2
a contradiction. Thus such a closed geodesic σ must have l(σ) ≥ l(γ).
Next assume by contradiction that σ : S1 →M is a half-geodesic with σ(0) =
p = γ(t) but which does not contain the point γ(t+π) = q. Then by Theorem 1.4
and Proposition 6.3 we know that σ(π) = x 6= q is a Grove-Shiohama critical
point of dp. Let γ2 be a minimal geodesic from q to x. We know there exists a
minimal geodesic γ0 from x to p such that ∡(−γ˙2(d(q, x)), γ˙0(0)) ≤ π/2. Since
p and q are mutually critical there exists minimal geodesics γ1 and γ˜1 from p
to q such that ∡(γ˙1(0), γ˙0(d(p, x))) ≤ π/2 and ∡(− ˙˜γ1(d(p, q)), γ˙2(0)) ≤ π/2.
Now apply the triangle version of Toponogov’s theorem to both {γ0, γ1, γ2} and
{γ0, γ˜1, γ2} yielding comparison triangles in the sphere SH . Because triangles
in the sphere are determined up to congruence by side lengths we get a unique
comparison triangle, each of whose angles is ≤ π/2. This implies that the
comparison triangle is completely contained in an octant of the sphere, hence
has side lengths ≤ pi
2
√
H
, a contradiction to l(γ1) = l(γ)/2 >
pi
2
√
H
. We conclude
that the half-geodesic σ must contain the point γ(t+π) and therefore must have
length l(γ).
Remark 6.4. We note that the techniques in the first part of the proof of
Theorem 1.6 are inspired by Berger’s proof of the minimal diameter theorem
(Cf. [15]). The second part of the proof is similar to the Grove-Shiohama proof
of the diameter sphere theorem (Cf. [4]).
Example 6.5. The round sphere of constant sectional curvature H satisfies the
assumptions of Theorem 1.6. The only half-geodesics are the great circles which
all have length 2pi√
H
. Any half-geodesic through p contains its antipode −p.
The theorem of Bonnet-Myers states that a complete Riemannian manifold
with sectional curvature K ≥ H > 0 has an upper diameter bound of pi√
H
and
therefore an upper bound of 2pi√
H
on the length of half-geodesics. Moreover,
Cheng’s rigidity theorem [6, Theorem 3.1] states that the round sphere is the
only such manifold to realize this upper diameter bound. The following example
illustrates that Theorem 1.6 has applications beyond the round sphere by con-
structing complete Riemannian manifolds with sectional curvatures K ≥ H > 0
and admitting half-geodesics of lengths strictly between pi√
H
and 2pi√
H
. This ex-
ample also demonstrates that there are non-round metrics on the sphere which
admit half-geodesics of length twice the diameter.
Example 6.6. Starting with the round two-sphere of curvature H0 > H we
construct an oblate ellipsoid by shrinking the sphere along the z-axis while keep-
ing the equator fixed. We allow the construction to proceed until the curvature
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at the poles is exactly H . The resulting surface is a complete Riemannian man-
ifold with sectional curvature K ≥ H > 0. In this construction the meridians
remain half-geodesics and have length twice the new diameter. We note that
the equator now fails to minimize between antipodal points and is no longer a
half-geodesic. If H0 is not too much greater than H then the new meridians
will have length strictly between pi√
H
and 2pi√
H
. The conclusions of Theorem 1.6
therefore apply to any closed geodesics that intersect a meridian.
The next example demonstrates that the strict lower bound imposed on the
length of the half-geodesics in Theorem 1.6 is sharp.
Example 6.7. The standard real projective space of constant sectional cur-
vature H admits half-geodesics of length pi√
H
. Through any point [p] on the
identified equator there exists a half geodesic γ with γ(0) = [n] and γ(π) = [p].
Thus there exist multiple half-geodesics through [n] which fail to meet again
after time π.
Corollary 6.8. Let M be a complete Riemannian manifold with sectional cur-
vature K ≥ H > 0 and diameter > pi
2
√
H
. Let p, q ∈ M be points which realize
the diameter. Then any half-geodesic through p must contain q and have length
twice the diameter.
Proof. Berger’s lemma (Cf. [5]) says that diameter realizing points are always
mutual Grove-Shiohama critical points. The proof of Theorem 1.6 shows that q
is the unique Grove-Shiohama critical point of dp and the corollary follows.
Lemma 6.9 (Gromov, Cf. [4]). Let M be a complete non-compact Riemannian
manifold with sectional curvature K ≥ 0. Then for every p ∈ M the distance
function dp has no critical points outside of some ball B(p,Rp). In particular,
M is homeomorphic to the interior of a compact manifold with boundary.
We note that in the compact setting we always have a universal upper bound
on the length of the half-geodesics, namely twice the diameter. In the non-
compact setting such a universal bound does not exist, but we offer the following
pointwise result.
Corollary 6.10. Let M be a complete non-compact Riemannian manifold with
sectional curvature K ≥ 0. Then for every p ∈ M there exists a constant Rp
such that any half-geodesic through p must have length ≤ 2Rp.
Proof. This follows from Proposition 6.3 and Lemma 6.9.
As a final application of Theorem 1.4 and Proposition 6.3 we give a positive
result on the existence of half-geodesics on the flat two-torus.
Example 6.11 (half-geodesics on 2-torus). We use our methods to show that
any flat torus T with fundamental domain a rectangle has exactly four half-
geodesics through any point p ∈ T . Let p be at the center of a fundamental
domain for T . It is known that the midpoints of the sides together with the
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corners of the domain project to the three Grove-Shiohama critical points of dp
[4, Example 1.7]. By Proposition 6.3 we identify four candidate half-geodesics
through p: the two lines through p parallel to the sides and the two diagonals
of the domain. By symmetry of the torus we have that each of these candidate
half-geodesics corresponds to a class of balanced points of the uniform energy
in T 2. We therefore apply Theorem 1.4 to conclude that each of these lines is
indeed a half-geodesic.
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